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were obtained for d® and solved. Determinants for the
quartet d7 states are obtained by reversing the signs of
all diagonal elements in the triplet determinants.
Energy-level diagrams for d’ and d® with different
A;/A; values have been constructed using A,/B as a
variable and C = 4B. Diagrams of this type are shown
in Figure 10. Calculations were also performed for the
d? case with 0° < 6 < 60° using a constant « value of
77° inasmuch as the available structural data (Table I)

W. G. KLEMPERER

do not indicate a large variation of this angle with ¢.
A procedure similar to that for the ¢ = 0° case was
used with appropriate values of angular coordinates in
eq 12-14. Calculations were carried out with ¢, =
3B—6B, e = e, = 0, and with ¢, = 4B, ¢,. =
0.2¢;, e,e = 0; in all cases C = 4B. One such energy-
level diagram is given in Figure 11 and illustrates the
usual order of triplet states for a given ¢ over the range
of parameterization.
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In a previous paper, classes of symmetry equivalent permiutational isomerization reactions were defined and exhaustively

enumerated for symmetric molecules with identical substituents.?

ctiles whose substituents are not necessarily identical.

In the present paper this treatment is extended to mole-

The generalized treatment is used to enumerate all distinct permuta-

tional isomerization reactions of molecules MH,Py, # = 1, 2, 3, or 4, where M is a transition metal, H is a hydride ligand,
and P is a trisubstituted phosphorus ligand. The importance of these results for the interpretation of temperature-de-

pendent nmr line-shape behavior is stressed.

I. Introduction

It will be assumed throughout this paper that the
reader is familiar with the author’s paper, ‘“Enumera-
tion of Permutational Isomerization Reactions”?
(EPIR-I). In EPIR-I, classes of symmetry equivalent
permutational isomerization reactions are defined, as-
suming that all ligands which are permuted are iden-
tical. All permutational isomers of a given molecule
must have in common the same molecular skeleton.
If all the ligands are not identical, then the permutation
of two nomnidentical ligands may lead to a change in
molecular geometry and therefore a change in the mole-
cular skeleton. Such a permutation would not define
a permutational isomerization reaction. In the case
of molecules of the type MH,P, (see Figure 1), the P
ligands and H ligands are clearly not identical and the
methods of EPIR-I become chemically meaningless.

In the following section, the concepts defined in
EPIR-I will be generalized to allow enumeration of the
permutational isomerization reactions of molecules with
sets of nonidentical ligands. These concepts will then
be used to treat molecules of the type MH,P..

II. Generalized Definitions

A, The Group of Allowed Permutations.—As in
EPIR-I, permutational isomers® are defined as ‘‘chemi-
cal compounds which have in common the same molecu-
lar skeleton and set of ligands, differing only by the
distribution of ligands on the skeletal positions.” The
set of indexed unidentate ligand labelsL; = {ll, Loy, ...,
I,} and the set of indexed skeletal position labels
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Xs = {St S, ..., S,} are combined to form a 2 X 7
matrix ({). Thus

<Z> _ <12. . n>
s/ \4j...k
lists the ligand indices in the top row and below each
ligand index is placed the index of the skeletal position
which that ligand occupies. A permutational isomeri-
zation reaction is described by a permutation p, which
acts on the indices of the skeletal positions. The set
of all permutations which describe permutational
isomerization reactions and/or point group operations
forms a group called the group of allowed permutations.
In EPIR-I it is assumed that all # ligands are iden-
tical and therefore any one of the »! permutations in
the symmetric group .S, is an allowed permutation. If
all # ligands are not identical, then some elements in
S, do not represent permutational isomerization re-
actions and the group of allowed permutations must be
a subgroup of S,. Consider, for example, the isomers
shown in Figure 2. The permutationp, = (1)(2)(3)(4)-
(56) will convert isomer a into isomer b if skeletal
positions are indexed as in Figure 1. Since a and b are
permutational isomers, p, represents a permutational
isomerization reaction; z.e., £, is an allowed permuta-
tion. The permutation ¢, = (1)(25)(3)(4)(6) converts
isomer a into isomer c¢. Since a and c are polytopal
isomers* but not permutational isomers, ¢; does not
represent a permutational isomerization reaction; ¢.e.,
g, is not an allowed permutation. As defined above,
permutational isomers must have in common the same
molecular skeleton. Isomers a and c clearly do not:
a has a C,, molecular skeleton, while ¢ has a D4, molecu-
lar skeleton.

(4) E.L.Muetterties, J. Amer. Chem, Soc., 91, 1636 (1969).
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These considerations show that the group of allowed
permutations consists of those permutations which
permute skeletal positions that are occupied by identical
ligands. This subgroup of .S, may be defined precisely.
If the molecule in question has m different types of
ligands, %, is partitioned into m subsets such that the
skeletal positions in each subset are occupied by
identical ligands. For a moleculé of type MH,P, (see
Figure 1) m = 2 and x, = {s1, 52, S3, Su, S5 S6}. % 1S
partitioned into two subsets x.2 = {s1, s, 53, 54} and
x® = {55 se}. Since an allowed permutation may
permute any elements within x,® and/or any elements
within x ¥, there exist 4!-2! allowed permutations. This
group of permutations is defined as .S, 4 S, the direct
sum® of the symmetric groups S; and S;. In general, if
a molecule has m different types of ligands and #,
" ligands of type ¢, then the group of allowed permuta-
tions is Z,./™S,, where the summation implies direct
sums. '

Distinguishable and differentiable permutational
isomerization reactions are defined as in EPIR-I,
keeping in mind that the group of allowed permutations
is in general 2 ™S, not .S,. In the remainder of this
section, formulas for counting these reactions will be
provided. Lest he become suspicious of the purely
mathematical nature of these definitions, the reader
should keep in mind the usefulness of the definitions in
solving chemical problems. As will be demonstrated in
the following section, knowledge of the number of re-
actions differentiable in a totally symmetric environ-
ment is essential for the interpretation of temperature-
dependent nmr spectra. Reactions which are formally
nondifferentiable in a chiral environment must generate
identical topological representations, as demonstrated
elsewhere.® Sets of reactions distinguishable in a chiral
or totally symmetric environment are physically
meaningful only when a molecule is fixed in a symmetric
environment, but these sets are in addition of help in
generating sets of differentiable reactions. They are
also helpful in relating isomerization mechanisms to
isomerization reactions.

B. Enumeration Procedures.—Formulas for enu-
merating reactions may not be taken directly from
EPIR-I hecause the problem of counting conjugacy
classes or double cosets is more involved in =, ™S,
thanin S,. Before addressing this problem, the concept
of cyclic index used in EPIR-I must be generalized.
In order to minimize notational complexities, only the
case of m = 2 is discussed here. Extension of all defini-
tions and theorems to the case of an arbitrary m is
evident and will be omitted.

If a permutation group H acts on the union of two
disjoint sets ! and x,? such that every #,H permutes
only elements of x,! among themselves and elements of
xs* among themselves, then the generalized cyclic type of
h,eH is defined by the array (j1, jo, - s Fui; B1 Boy .o,
k,,), where the permutation %, contains j; cycles of
length 7 which permute elements in x,! and k; cycles
of length / which permute elements in x,2. For example,
if S;acts on {1, 2, 3}, Scactson {4,5, 6, 7} and H =
S; + Ss then the generalized cyclic type of &, =
(12)(8)(4)(567) is (1, 1, 0; 1,0, 1, 0). ‘

If two permutational isomerization reactions are

(5) Forarigorous definition of this operation, seeref 1.
(6) W.G. Klemperet, J. Amer. Chem. Soc., 94,6940 (1972).

Inorganic Chemistry, Vol. 11, No. 11, 1972 2669
TYPE OF INDEXING OF
MOLECULE SKELETAL POSITIONS G R H
Cav s Savs
Coy A S4+82
Cav 1 Sq4+ Sy
T T S4+ 84

Figure 1.—Molecules of the type MH,Py, » = 1, 2, 3, and 4,
where H is a hydride ligand, M is a transition metal, and P is a
trisubstituted unidentate phosphorusligand. G is the molecular
point group, R is the group of proper rotation operations in G, and
H is the group of allowed permutations.

(a}

(b)

(c}

Figure 2.—Three isomers of the type MH,P,.

formally indistinguishable in a chiral or totally sym-
metric environment, then they must be of identical
generalized cyclic type. Accordingly, eq 1 defines the
isomerization counting polynomial F; which counts,
with respect to generalized cyclic type, the number of
distinguishable permutational isomerization reactions
in a totally symmetric environment.

Fi(G; ay, as, .. oy b)) =
' ’
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Here, G is the permutation group generated by the
molecular point group acting on the indices of the
skeletal positions, #; and #. are the number of skeletal
positions occupied by ligands of type 1 and type 2,
respectively, and the summation -extends over all
generalized cyclic types found in S, -+ S.. Each
coefficient Ay, ..j, kiks+ ko, 1S the number of distinguish-

able permutational isomerization reactions in a totally
symmetric environment of generalized type (ji, j2, ...,
Fuy; k1, k2, ..., ky). The a/s and b,'s are variables
which allow identification of the coefficients. Note that
if 1 = n and n, = 0, then eq 1 reduces to eq 3 in
EPIR-I.

The isomerization counting polynomial F~, may be
derived from a polynomial F which counts the number
of conjugacy classes in the group of allowed permuta-
tions with respect to G. This polynomial, defined in
eq 2, has the same general form as F;.

A pigerssuy lakae i

F(G; a1, g, ..., Ony; bl, b2, ---,bnz)E

2 Agige o e dmltka + -y X

Iy, ~y.7'n1§ ki,ke, . . vkﬂg
o™, . Ay b FD L b (2)

is the number of conjugacy classes of generalized cyclic
type (jl’ j2: .. -;jnﬁ kl: k2, ey km) in Snz + Snz with
respect to G.

The polynomial ¥, defined in eq 3, is needed to
relate F; and F. The general form of this polynomial

Y(G; a, g, ..., Qpy; by, by, o, byy) =
Z lejz"'jnu kikos+kne X
Juds, . odngs Ruk .k,

a1jlagj2. o amj”bl’“bg’". . .bmk”? (3)

is similar to that of F and F;. Here Cyypejo iikorettny

however, is the number of conjugacy classes of general-
ized cyclic type (1, Jo, -« ., Jn; By, Bay ..., Bny) in G con-
taining permutations generated by proper rotations.
The relationship among the polynomials F;, F, and ¥
is given in eq 4. Equation A3, given in the Appendix,

Fr(G; a1, 0, ..y @ by, by oo bny) =
F(G; a1, az, ..., Qu; by, by, .., by) —
Y(G; ay, a2, ..., Quy; Dy, bey oo, by ()
is used to calculate F(G; a1, @, ..., Guy; 01, 02 ..., by).

Y(G; a1, @z ..., Gny; b1, Do, ..., by,) may be calculated
using information found in standard group character
tables.

If instead of a totally symmetric environment we
consider permutational isomerization reactions dis-
tinguishable in a chiral environment, eq 4 changes only
insofar as G is replaced by R, where R is the permuta-
tion group consisting of all operations in G which are
generated by proper rotations. Equation 5 allows
calculation of the appropriate counting polynomial for
reactions distinguishable in a chiral environment.

F:R; a1, a3, .., Qny; by, bey, ..., by) =
FR; a, a2, ..., Gpy; by, by, ..., b)) —
Y(R, ay, Gg, .. .y bnz) (5)

We now turn our attention from permutational
isomerization reactions that are distinguishable to those

.y Oy b1, by, ..
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that are formally differentiable. As in EPIR-I the
number of permutational isomerization reactions dif-
ferentiable in a chiral environment is designated D’z.
If Dg is the number of double cosets generated by R in
Sa, + S, then D'g = Dg — 1. Equation A8 is used
to calculate Dg. In a totally symmetric environment,
D’g is the number of formally differentiable reactions.
Dg is the number of double cosets generated by G in

Sw + S If G contains improper rotations, then
D’'c = Dg. If G contains no improper rotations, then
D'y = Dg — 1. D¢ may be calculated using eq AS.

III. Examples

The definitions given above and the theorems given
in the Appendix will now be used to treat nonrigid
molecules of the type MH,P, shown in Figure 1.
Certain molecules of this type may undergo permuta-
tional isomerization wia intermediate polytopal con-
figurations having connectivities* greater than two.
In this case a ‘“‘linear combination’’? of certain formally
differentiable permutational isomerization reactions
may be needed to characterize the rearrangement. In
this section, only those mechanisms will be considered
which involve intermediate configurations having con-
nectivities equal to two. Thus only one permutational
isomerization reaction will be needed to characterize
the rearrangement.

Of particular interest here is the number of differenti-
able permutational isomerization reactions in a totally
symmetric environment. For molecules of the type
MH,P,, Meakin, ¢f al.,” have defined ‘‘equivalent basic
sets” of permutations which consist of permutations
that are indistinguishable by temperature-dependent
nmr line-shape analysis. Generalizing their arguments,
permutational isomerization reactions nondifferentiable
in a totally syminetric environment will yield identical
temperature-dependent line shapes. By ‘‘identical”
we mean of course identical to the order of approxima-
tion implied by the ‘“‘jump model” used to simulate
nmr spectra of nonrigid systems. Therefore the number
of permutational isomerization reactions differentiable
in a totally symmetric environment is the maximum
number of permutational isomerization reactions which
will lead to different temperature-dependent nmr line
shapes. '

Aswas stressed in EPIR-I, assignment of a rearrange-
ment reaction to a system of isomers does not
specify a rearrangement mechanism, although it
does exclude certain mechanisms. However, if specific
assumptions are made concerning the possible re-
arrangement mechanisms, it may be possible to place
the postulated mechanisms in a one-to-one corre-
spondence with permutational isomerization reactions
differentiable in a totally symmetric environment.
The experimental temperature-dependent nmr line-
shape behavior can then be compared to the simulated
nmr spectra generated by the various differentiable
reactions, and a mechanism may be assigned to the re-
arrangement. The validity of such an assignment de-
pends on the validity of the preliminary assumptions
concerning the mechanism, while the feasibility of such
an assignment of course depends on the complete
resolution of experimental spectra and the correct

(7) P. Meakin, E. L. Muetterties, F. N, Tebbe, and J. P. Jesson, J. Amer.
Chem. Soc., 98, 4701 (1971).
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assignment of chemical shifts and couplmg constants to
the pertinent nuclei.

In the examples given below, results will be in-
terpreted assuming a mechanism where the approxi-
mately  tetrahedral framework formed by the phos-
phorus ligands may be distorted (or rotated) but not
inverted during the course of the rearrangement re-
action, while the hydride ligands may move from one
face of the distorted-tetrahedron to another. Such a
mechanism, first proposed by Meakin, et al.” is called
a ‘‘tetrahedral tunneling” - mechanism. It may be
expected to occur for molecules MH, P, when M is small
and P ligands are bulky. .In these cases the four P
ligands should closely approximate a tetrahedron.

All of the results given below could presumably be
obtained by computer analysis,” but the present treat-
ment provides a more inexpensive and convenient
alternative. R

A, MHP, Molecules.—MH(PF;);, M = Co, Rh,
Ir, are molecules of this type® (see Figure 1). Their
structure can be described either as a distorted trigonal
bipyramid with the H ligand occupying an axial position
or a distorted tetrahedron formed by the P ligands with
an H ligand occupying a tetrahedral face.’ " In either
case, the point group of the skeletal framework is Cs,.
The group of allowed permutations is S; + S;. The
order of this group is only 4!-1! = 24 and the distin-
guishable and differentiable permutational isomeriza-
tion reactions may be obtained by inspection. The
combinatorial formulas given in the Appendix will be
employed, however, to illustrate the meaning and use
of these formiulas.

First, the distinguishable permutational isomerization
reactions in a chiral environment are enumerated using
eq 6, which is obtained by letting R = (; in eq 5.

FI<C3; ay, g, A3, A4; bl) = F(C3: ay, g, 3, Q4; bl) -
Y<CS; ay, Gg, O3, O4; bl) (6)

F(Cs; a1, 0o as, as; bi) is calculated using eq A3,
letting W = Cs3, my = 4and n, = 1. Consulting Table

I, |Cs| = 3. The first summation, Z,.c, extends over
the three operations (1)(2)(3)(4)(5) (1)(234)(5) and
(1)(243)(5). FEach termin the summation is dependent
only on the generalized cyclic type of »,. Thus the
terms corresponding to the last two operations will be
identical.

For the first term the generahzed cyclic type (dy,
do; ds, ds; e1) of vy = (1)(2)(3)(4)(5) is (4, 0, 0, 0; 1).
This term is the product of two quantities: the first
is determined by dy, ds, ds, ds; the second is determined
by e. The calculation of each quantity follows the
procedure used in EPIR-I. The first quantity is

4!14{2 ﬁ [(mﬂm.pm!)-l.(1—1ql21¢(q)amql/q)pmi|} —

p) m=1
4114 [(14-4) " Ya)*] + [(12-20) 7 (@!)?] X
1@ 1D"Ha) ]+ [t 1D a)H B 1) ~Hash) '] +
[22-2))7Ya)?] + [ 1) Yad) ]} = au* +
6a2a,' + 8arlas + 3ax? + 6aslt  (7)

(8) P. Meakin, J. p. Jesson, F, N. Tebbe, and E. L. Muetterties, J.
Amer. Chem. Soc., 98, 1797 (1971). For studies on other molecules of this
type, seeref 9. .

(9) J. P. Jesson in ‘“Transition Metal Hydrides,”” E, L. Muetterties, Ed.,
Marcel Dekker, New York, N. Y., 1971, pp 173—178, and references therein.

(10) B. A Frenz and J. A, Ibers, Inorg. Chem., 9, 2403 (1970). For the
structure of RhH [P(CsHs)sls see R. W. Baker and P. Pauling, Chem. Com-
mun., 1495 (1969).
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Here, the sum over the partitions (p1, ps, ps, ps) of
d, = 4 is taken in the order (4, 0, 0, 0), (2, 1, 0, 0),
(1 0,1,0),(0,2,0,0),(0,0,0, 1) The second quantity
is given by eq 8.

-1
1 5 IL [ ta) = (1770 (b ) = b
(t) ril

(®)

For the second term; the generalized cyclic type
(dl, dg, ds, d4; 61) of r; = (1)(234)(5) 1s (1, 0, 1, 0; 1)
As above, this term is the product of two quantities:
the first is determined by di, da, ds, ds; the second is
determined by e;. Since ¢; = 1 as before, the second
quantity is given by eq 8. The first quantity is given
by eq9.

di

4
LT a5 1T o= pat) 17 T @and /0]~ =
=1 1 qll

p) m=

491BIM A 1D ~1(3-1 T8 (g)a2/7)! }=
{ar }{ K ‘> (37 2e@a)]
{a11}{ [a® + 2a5']} = ar* + 2a:las'  (9)
All of this information is combined in eq 10. The
F(Cs; ay, Az, A3, G4, by = 1/3{ a1t + Bar’as +
8ailas' + 3a:? + 6ait][by!] + 2[art + 2a'es!][br']f =
a14b11 + 2a12a21b11 + 4&110/311)11 + 022b11 + 2a41b11 (10)
result may be checked by calculating F(Cs; 1,1, 1, 1;
1) using eq A7 and comparing this number with the
sum (here, 10) of the coefficientsin eq 10.

Next, we calculate the second term on the right side
of eq 6 using information given in Table I.

TABLE 1
CoNjucAacy CLASSES OF THE PERMUTATION GROUP GENERATED
WHEN THE POINT GROUP C3; OPERATES ON THE SKELETAL
PosITIONS OF A MOLECULE MHP,*

Point group

operation Induced permutation Generalized cyclic type
E (1)(2)(3)(4)(5) (4,0,0,0; 1)
G (1)(234)(5) (1,0,1,0; 1)
G! (1)(243)(5) (1,0,1,0; 1)

¢ Skeletal positions are indexed as in Figure 1.

Y(Cs; ay, ds, a3, as; b)) = a*by! + 2a4%a5'ht  (11)

Substituting eq 10 and 11 into eq 6, we obtain the
isomerization counting polynomial for permutational
isomerization reactions distinguishable in a chiral en-
vironment.

bl) = 2a,%a,'b,! +
20110311711 + a22b11 + 2a41b11 (12)
The corresponding polynomial for reactions distin-

guishable in a totally symmetric environment, given
in eq 13, may be generated in a similar fashion.

F1(Cs,; a1, G, 3, Qs b)) = 2a.%a:'b! +
; ar'asthy! + a2?hy! + a4lhy! (13)
With eq 12 and 13 in hand, complete sets of per-
mutational isomerization reactions distinguishable in a
chiral and in a totally symmetric environment are

easily generated. These sets are given in the first
two columns of Table II.

F1(Cs; a1, a2, a3, 45
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TasLE 11

DISTINGUISHABLE AND DIFFERENTIAL PERMUTATIONAL
ISOMERIZATION REACTIONS OF MOLECULES MHP¢#

Distinguishable

Distinguishable in a totally Differentiable Differentiable in a

in a chiral symmetric in a chiral totally symmetric
environment environment environment environment
(1)(23)(4)(5) (1)(23)(4)(5) (1)(23)(4)(5)  (1)(23)(4)(5)
(128)(4)(5) (123)(4)(5) (123)(4)(5) (123)(4)(5)
(132)(4)(5)
(13)(24)(5) (18)(24)(5)
(13)(2)4)5) (13)(2)(4)(5)  (13)(2)(4)(5)
(1243)(5) (1243)(5)
(1342)(5)

o Skeletal positions are indexed as in Figure 1. In each column,
a double line separates sets of reactions nondifferentiable in a
totally symmetric environment, A single line then divides one
of these sets into subsets of reactions nondifferentiable in a chiral
environment.

Using eq A8, the numbers of differentiable permuta-
tional isomerization reactions in a chiral environment
and in a totally symmetric environment are calculated
as D'¢, = 3 and D'y, = 2, respectively. In a totally
symmetric or in a chiral énvironment, if two reactions
are indistinguishable, then they are also nondiffer-
entiable. By partitioning a complete set of distinguish-
able reactions into subsets of nondifferentiable reactions,
a complete set of differentiable reactions can be obtained
(see Table II). In a totally symmetric environment,
the distinguishable reactions p; and p, are nondifferen-
tiable if p, and gi-p;, gxeG, are indistinguishable. In
a chiral environment, the distinguishable reactions
p: and p; are nondifferentiable if p, and 7;-p, 7reR,
are indistinguishable.

A set of two reactions differentiable in a totally
symmetric environment is shown in Figure 3. Since
(1)(23)(4)(5) is generated by a point group operation
in Cj,, this reaction cannot be detected by the nmr
technigiie. Because D’¢, = 2, all permutational
isomerization reactions not generated by point group
operations will lead to identical temperature-dependent
nmr line-shape simulations using the “jump model.”
Thus virtually no mechanistic information may be
inferred from temperature-dependent nmr line-shape
analysis.

The permutational isomerization reaction (123)(4)-
(5) drawn in Figure 3 is implied by the “tetrahedral
tunneling’’ mechanism: in the reactant isomer, the
hydride ligand occupies the PsP:P; face (trans to Py)
and in the product the hydride ligand occupies the
P,P,P, face (trans to P;). Thiis the ‘‘tetrahedral
tunneling” mechanism will lead to temperature-de-
pendent nmr line-shape behavior.

Following the procedure used in this example, addi-
tional formulas and tables may be derived for the re-
maining examples B through D.

B. MH,P, Molecules.—FeH,[P(OC,H;);],"!! is one
of many known molecules of this type having the cis
configuration shown in Figure 1. This geometrical
configuration can be described as either a distorted
octahedron with cis H ligands or a distorted tetrahedron
formed by P ligands with both H ligands occupying

(11) For related molecules, see ref 9, pp 118-119, 180-189, and references
therein.

(12) L. J. Guggenberger, D, D. Titus, M, T. Flood, R. E. Marsh, A, A.
Orio, and H, B, Gray, J. Amer. Chem. Soc., 94, 1135 (1872).
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(1X23)4X5)
=LY -

(123)(4)(5)
LS UL,

Figure 3.—Two permutational isomerization reactions of
molecules MH,P, differentiable in a totally symmetric environ-
ment. Skeletal positions are indexed asin Figure 1.

{23415 16)

{1/(234)(5)(6)

(13){24)(5)(6)

1){2)(3)(4)(58)

[EENCHENC

Figure 4.—Five permutational isomerization reactions of
molecules MH.P, differentiable in a totally symmetric environ-
ment. Skeletal positions are indexed asin Figure 1.

tetrahedral faces.’> In either case, the point group

symmetry of the skeletal framework is C,.
Isomerization counting polynomials are given in

eq 14 and 15. Also, D’¢, = 15 and D’p, = 5. Sets

FI(CQ', ay, Ge, O, A4} bl, b2) = 4@12(1,211)12 +
4ay'astby® + 3a9%hy? + 404102 + a1%ht 4+ 4a;%asthy?
4(111(1311321 + 2@22b21 + 4a4lb21 (14)
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TaBLE 111
DISTINGUISHABLE AND DIFFERENTIABLE PERMUTATIONAL ISOMERIZATION REACTIONS OF MOLECULES MH,P2

Distinguishable in a

Distinguishable in a totally symmetric

Differentiable in a

Differentiable in a totally symmetric

chiral environment

environment

chiral environment environment
(1)(2)(34)(5)(6) (1)(2)(34)(5)(6) (1)(2)(34)(5)(6) (1X(2)(34)(5)(6)
(12)(3)(4)(56) (12)(3)(4)(56)
(1)(234)(5)(6) (1)(234)(5)(6) (1)(234)(5)(6) (1)(234)(5)(6)
(132)(4)(56) (132)(4)(56)
(1)(243)(5)(6) (1)(243)(5)(6)
(123)(4)(56)
(13)(2)(4)(5)(6) (13)(2)(4)(5)(8) (13)(2)(4)(5)(6)
(1234)(56) (1234)(56)
(1)(23)(4)(5)(6) (1)(23)(4)(5)(6)
(1342)(56)
(13)(24)(5)(6) (18)(24)(5)(6) (13)(24)(5)(6) (13)(24)(5)(6)
(14)(23)(56) (14)(23)(56) -
(14)(23)(5)(6) (14)(23)(5)(6)
(13)(24)(56) ,
(1423)(5)(6) (1423)(5)(6) (1423)(5)(6)
(1324)(56) (1324)(56)
(1324)(5)(6) (1324)(5)(6)
(1423)(56)
(1)(2)(3)(4)(56) (1)(2)(3)(4)(56) (1X(2)(38)(4)(58) (1)(2)(3)(4)(56)
(12)(34)(5)(6) (12)(34)(5)(6)
(12)(3)(4)(5)(6) (12)(3)(4)(5)(6) (12)(3)(4)(5)(6)
(1)(2)(34)(56) (1)(2)(34)(56)
(123)(4)(5)(6) (128)(4)(5)(6) (123)(4)(5)(6) (123)(4)(5)(6)
(1)(243)(56) (1)(243)(56) ‘
(182)(4)(5)(6) (182)(4)(5)(6)
(1)(234)(56) .
(1342)(5)(6) (1342)(5)(6) (1342)(5)(6)
(1)(23)(4)(56) (1)(23)(4)(56)
(1284)(5)(6) (1234)(5)(6)
(13)(2)(4)(56)

a Skeletal positions are indexed as in Figure 1." In each column, double lines separate sets of reactions nondifferentiable in a totally
symmetric environment. Single lines then divide these sets into subsets of reactions nondifferentiable in a chiral environment.

FI(C2v}' ay, dq, a3, Qa; by, be) = 3a,%a:'h,® + ‘
2011031b12 + 2a,2,? + 2a:h,® + ar'b.! + 3(1120/21b21 +
2(111(131b21 + a22b2‘ + 2041b21 (15)

of distinguishable and differentiable reactions are given
in Table III. Figure 4 shows five permutational
isomerization reactions differentiable in a totally sym-
metric environment.

Assuming ‘‘tetrahedral tunneling,” there exist four
possible mechanistic types: (a) one hydride ligand
moves to an unoccupied face and the other hydride
ligand remains fixed, (b) both hydride ligands move to
unoccupied faces, (¢) the two hydride ligands are ex-
changed, and (d) one hydride ligand moves to an unoc-
cupied face while the other hydride ligand moves to
the face previously occupied by the first hydride ligand,
Consulting Figure 4, we see that mechanism a implies
reaction (1)(234)(5)(6), b implies (13)(24)(5)(6), ¢
implies (1)(2)(3)(4)(56), and d implies (123)(4)(5)(6).
Therefore, these four mechanisms will in theory be
detectable and differentiable by temperature-depen-
dent nmr studies.

C. MH;P, Molecules.—As shown in Figure 1, the
geometric configuration of these molecules may be de-
scribed as a distorted tetrahedron of P ligands with H
ligands occupying three faces. The compound ReH;-
[P(C¢H;)3]s has been characterized,®* but detailed
structural work has not been reported. Since the

(13) L. Malatesta, M. Freni, and V. Valenti, Angew. Chem., T8, 273 (1961).

rhenium atom is quite large, one would not necessarily
expect the structure to conform to the idealized struc-
ture just mentioned. An analogous molecule with a
first-row central metal atom would probably be amen-
able to the present treatment.

Isomerization counting polynomials are given in
eq 16 and 17. Also, D'¢, = 19 and D’¢,, = 7. Sets

F1(Cs; a1, as, a5, @s; by, bo, ba) = 2a1%a2'0:® + 2?0, +
40, a3'01% 4+ 204101 4+ a,%b1'bet + 64,2050, 0y 4
3a,%1'b," + 8ar'agdy'bs! 4+ 6ay'hlbyt + 2¢1%s' +

40,2001051 + 202751 + 6aylasths! + 4astbst  (16)

FI(Csv; ay, 0o, A3, QA4; b], bz, bs) = 2a;%a,'b,® + a,?%:® +
20,0501 + a4'Dr® 4+ ar*hithe! + 4ai%ap'bithe! +
2a,%1'be! + 4ai'as’hilbe! + 3asbylbe! - a,%bst +

2a,%a:1b31 4+ a52bs! + 3ailaslbst + 2a4tbst (17)

of distinguishable and differentiable reactions are
given in Table IV. Figure 5 shows seven permuta-
tional isomerization reactions differentiable in a totally
symmetric environment.

““Tetrahedral tunneling’’ of hydride ligands leads to
six different mechanistic types: (a) one hydride ligand
moves to the unoccupied face, the other two remaining
fixed, (b) one hydride ligand moves to the unoccupied
face, a second hydride ligand moves to the previously
occupied face, and the third hydride ligand remains
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(2)(3)(4)(56)(7) »

(i2)(34)(56)(7)

(1)(234)(5)(6)(7}

K (D(2)(3)4)56)7)

{132)(4)(5)(6)(7)
T

b —_—————
\%\H;s
Ps
Figure 5.—Seven permutational isomerization reactions of

molecules MH;P, differentiable in a totally symmetric environ-
ment. Skeletal positions are indexed as in Figure 1.

fixed, (c) one hydride ligand remains fixed and the other
two are permuted, (d) all three hydride ligands are
cyclically permuted, (e) one hydride ligand moves to
the unoccupied face and the other two hydride ligands
are permuted, and (f) one hydride ligand moves to the
unoccupied face, a second hydride ligand moves to
the face previously occupied by the first hydride ligand,
and the third hydride ligand moves to the face pre-
viously occupied by the second hydride ligand. These
mechanisms are easily related to permutational isom-
erization reactions by identifying each ‘‘tetrahedral”

W. G. KLEMPERER

face with the phosphorus ligand . trans to that face.
For example, see (12)(34)(56)(7) shown in Figure 5.
In the reactant isomer, H; is on the face trans to Py, He
is trans to Py, and Hy is trans to P;; in the product
isomer, H; is trans to Py, Hg is trans to P, and Hy is trans
to Ps. Therefore, H; and Hs remain fixed while H; has
moved to the previously unoccupied face. Of course
the tetrahedron of phosphorus atoms has not been in-
verted. Inspecting the remaining reactions in Figure 5,
we see that mechanism a implies reaction (12)(34)(56)-
(7), b implies (1)(234)(5)(6)(7), ¢ implies (1)(2)(3)-
(4)(56)(7), d implies (132)(4)(5)(6)(7), e implies
(12)(34)(5)(6)(7), and f implies (14)(23)(56)(7). There-
fore all six mechanisms imply reactions which are theo-
retically detectable and differentiable by temperature-
dependent nmr studies.

D. MH,P,.—Molecules of this type which have
been studied using the variable-temperature nmr tech-
nique include MoH,[P(CeH;):CH;ls, 4% WH,[P(Ce-
Ha)zCH3]4,15 and WYH4[P(C5H5)(CH3)2]4.15 Available
experimental data are consistent with the 7'y symmetry
of the idealized structure given in Figure 1, where hy-
dride ligands occupy the faces of a tetrahedron formed
by phosphorus ligands. We shall assume this sym-
metry to be appropriate for some molecules of this
type, in particular those with bulky phosphorus ligands
and a small central metal atom.

Isomerization counting polynomials are given in
eq 18 and 19. Also, D’y = 11 and D'y, = 5. Sets

FI<T,' ay, g, A3, G4, b]_, bg, bs, b4) =" (114b12b21 +
20101105t + a1%be? + b+ alaptbyt + 4a,%asth st
40,2050, bst + 3a12axthe? + 4as?as'byt + 2a,'asth* -+
4a11a31b12b21 -+ 6a11a31b11b31 -+ 2a11a31b22 -+
4ay'azibst -+ an?byt 3022170 - 2a5%01hst +
20220y 4+ 3a2?bst + aithyt + 40«41b12b21 4+ 4a,'byibst +

3a.th® + 4astbst  (18)
FI(Td; ay, Gg, Az, A4, b1, bz, ba, b4) = a1%b%hs! +
a14b11b31 + a14b22 + a14b41 + (1]_2(.74211314l + 3(112(1211)121721 +

2a;%a2'b1bst + 20120202 + 2012090 -+ a1lastbyt +

2a11a31b12b21 -+ 3a11a31b11b31 -+ a11a31b22 -+ 2alla31b41 -+

as?b* + 2a92b,%byt + a2?b1hst + ag%he? + 2a,%bs* +

as'bit + 2a41by%he! -+ 2040105 -+ 2a4'b" +
3altbd  (19)
of distinguishable and differentiable reactions are
given in Table V. Figure 6 shows five permutational
isomerization reactions differentiable in a totally sym-
metric environment.

Inspecting Figure 6, we notice that all the possible
“tetrahedral tunneling”’ mechanisms imply permuta-
tional isomerization reactions differentiable in a totally
symmetric environment; 4.e., all four mechanisms imply

reactions which are in theory detectable and differ-
entiable by temperature-dependent nmr studies.

Acknowledgments.—I am indebted to Dr. Bertram
Frenz for helpful discussions concerning the structures
of molecules treated in this paper.

(14) J. P. Jesson, E. L. Muetterties, and P. Meakin, J. Amer. Chem. Soc.
93, 5261 (1971).

(15) B. Bell, J. Chatt, G. J. Leigh, and T. Ito, J. Chem. Soc., Chem. Com-~
mun., 34 (1972).
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DISTINGUISHABLE AND DIFFERENTIABLE PERMUTATIONAL ISOMERIZATION REACTIONS OF MOLECULES MH,P,*

Distinguishable in a

chiral environment -

Distinguishable in a
totally symmetric
environment

Differentiable in a
chiral environment

Differentiable in a
totally symmetric
environment

(12)(3)(4)(56)(7) (12)(8)(4)(56)(7) (12)(3)(4)(56)(7) (12)(3)(4)(56)(7)
(12)(34)(56)(7) (12)(34)(56)(7) (12)(34)(56)(7) (12)(34)(56)(7)
(124)(3)(56)(7) (124)(3)(56)(7) ~
(142)(3)(56)(7) '

(1)(2)(34)(5)(6)(7) (1)(2)(34)(5)(6)(7) (1)(2)(34)(5)(6)(7)

(1342)(576) (1342)(576)

(1234)(567)

(1)(234)(5)(6)(7) (1)(234)(5)(6)(7) (1)(234)(5)(6)(7) (1)(234)(5)(6)(7)
(12)(34)(567) (12)(34)(567)

(1)(243)(578) (1)(243)(576)

(1)(243)(5)(6)(7) (1)(243)(5)(8)(7)

(12)(34)(576)

(143)(2)(567)

(1)(24)(3)(56)(7) (1)(24)(3)(56)(7) (1)(24)(3)(56)(7)

(1432)(56)(7) (1432)(56)(7)

(1234)(56)(7) (1234)(36)(7)

(14)(2)(3)(56)(7) (14)(2)(3)(66)(7)

(1243)(56)(7)

(1342)(56)(7)

(1)(2)(3)(4)(56)(7) (1)(2)(8)(4)(56)(7) (1)(2)(3)(4)(56)(7) (1)(2)(3)(4)(56)(7)
(123)(4)(56)(7) (123)(4)(56)(7) :

(132)(4)(56)(7)

(13)(2)(4)(5)(B)(7) (13)(2)(4)(5)(8)(7) (13)(2)(4)(5)(6)(7)

(1)(23)(4)(578) (1)(23)(4)(576)

(13)(2)(4)(567)

(182)(4)(5)(6)(7) (132)(4)(5)(6)(7) (132)(4)(5)(6)(7) (132)(4)(5)(6)(7)
(1)(2)(3)(4)(567) (1)(2)(3)(4)(567)

(123)(4)(578) (123)(4)(576)

(123)(4)(5)(6)(7) (123)(4)(5)(6)(7)

(1)(2)(3)(4)(576)

(132)(4)(567)

(13)(2)(4)(56)(7) (13)(2)(4)(56)(7) (13)(2)(4)(56)(7)

(1)(23)(4)(56)(7) (1)(23)(4)(56)(7)

(12)(34)(5)(6)(7) (12)(84)(5)(8)(7) (12)(34)(5)(6)(7) (12)(34)(5)(6)(7)
(1)(234)(576) (1)(234)(576)

(184)(2)(567)

(1)(2)(34)(56)(7) (1)(2)(84)(58)(7) (1)(2)(34)(56)(7)

(1423)(56)(7) (1423)(56)(7)

(1324)(56)(7)

(14)(23)(66)(7) (14)(23)(56)(7) (14)(23)(56)(7) (14)(23)(56)(7)
(1)(234)(56)(7) (1)(234)(56)(7)

(1)(243)(56)(7) (1)(243)(56)(7)

(13)(24)(56)(7) (13)(24)(56)(7)

(134)(2)(56)(7)

(143)(2)(56)(7)

(1342)(5)(6)(7) (1342)(8)(6)(7) (1342)(5)(6)(7)

(1)(2)(34)(567) (1)(2)(34)(867)

(1243)(576) (1243)(576)

(1243)(5)(6)(7) (1243)(5)(8)(7)

(1)(2)(34)(5786)

(1432)(567)

o Skeletal positions are indexed as in Figure 1. In each column, double lines separate sets of reactions nondifferentiable in a totally
symmetric environment. Single lines then divide these sets into subsets of reactions nondifferentiable in a chiral environment.

Appendix
Two theorems are proved here. Theorem I provides
a formula for calculating F(W; a1, as, ..., @n; b1,
ba, ..., b,,) needed above in eq 4 and 5. Theorem II

provides a formula for calculating Dy needed for the
calculation of D’y and D’q. First, however, the def-
initions of cyclic type and cyclic index are generalized.
Definitions of all other terms used below may be found
in the Appendix of EPIR-I.

A. Definititions.—Let H be a permutation group

degree m acting on the set B, |B| = m. Assume that
B is the disjoint union of the two sets B; and By, |Bj|
= n; and |By| = n,. Assume further that every per-
mutation i,H permutes only elements of B; among
themselves and elements of B; among themsleves. Then
the generalized cyclic type of h,eH is defined by (ji, Jja,
ey Ju; B, ke, ..., Rn) where j; is the number of
disjoint cycles in A, of length ¢ which permute ele-
ments in B and &; is the number of disjoint cycles in
h, of length ! which permute elements in Bs;. The
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DISTINGUISHABLE AND DIFFERENTIABLE PERMUTATIONAL ISOMERIZATION REACTIONS OF MOLECULES MH, P,

Distinguishable in a

Distinguishable in a
totally symmetric

Differentiable in a

Differentiable in a
totally symmetric

chiral environment environment chiral environment environment
(12)(3)(4)(56)(7)(8) (12)(3)(4)(56)(7)(8) (12)(3)(4)(56)(7)(8) (12)(3)(4)(56)(7)(8)
(1243)(5687) (1243)(5687)
(AU2)(B)(4)(56)(T)(8) (1)(2)(3)(4 )56 )(7)(8) (1)(2)(3)(4)(56)(7)(8) (1)(2)(3)(4)(56)(7)(8)
(12)(34)(5)(6)(78) (12)(34}(5)(6)(78)
(182)(4)(56)(7)(8) (132)(4)(56)(7)(8)
(123)(4)(56)(7)(8)
(132)(4)(5768) (132)(4)(5768)
(123)(4)(5867)
(12)(34)(5786) (12)(34)(5786)
(12)(34)(5678)
(12)(3)(4)(5)(6)(7)(8) (12)(3)(4)(5)(B)TH8) (12)(B)4)(5)(6)(T)(8)
(12)(3)(4)(56)X(78) (12)(3)(4)(56 )(78)
(12)(3)(4)(586)(7) (12)(3)(4)(586)(7)
(12)(3)(4)(568)(7)
(1243)(5)(687) (1243)(5)(687)
(1342)(576)(8)
(1243)(57)(68) (1243)(57)(68)
(1432)(58)(67)
(1X(2)(3)(4)(576)(8) (1)(2)(3)(4)(876)(8) (1)(2)(3)(4)(376)(8) (1)(2)(3)(4)(576)(8)
(123)(4)(6)(6)(7)(8) (123)(4)(5)(6)(7)(8)
(132)(4)(567)(8) (132)(4)(567X(8)
(132)(4)(586)(7) (132)(4)(586)(7)
(123)(4)(58)(67) (123)(4)(58)(67)
(12)(34)(587)(6) (12)(34)(587)6)
(1)(2)(3)(4)(567)(8) (1)(2)(3 )4 )(367)(8)
(132)(4)(5)(6)(7)(8)
(123)(4)(576)(8)
(123)(4)(568)(7)
(132)(4)(57)(68)
(12)(34)(5)(687)
(12)(3)(4)(5)(68)(7) (12)(3)(4)(5)(68)(7) (12)(3)(4)(5)(68)(7)
(12)(3)(4)(5678) (12)(3)(4)(5678)
(1243)(56)(7)(8) (1243)(56)(7)(8)
(1432)(5786) (1432)(5786)
(12)(3)(4)(58)(6)(7) (12)(3)(4)(58)(6)(7)
(12)(3)(4)(5786)
(1432)(56)(7)(8)
(1243)(5678)
(1)(2)(3)(4)(56)(78) (1)(2)(3)(4)(56)(78) (1)(2)(8)(4)(56)(78) (1)(2)(3)(4)(56)(78)
(132)(4)(568)(7) (132)(4 )(568)(7)
(123)(4)(586)(7)
(12)(34)(5)(6X7)(8) (12)(34)}(5)(6)(7)(8)
(12)(34)(57)(68) (12)(34)(57)(68)
(12)(34)(58)(67)
(12)(3)(4)(5)(6)(78) (12)(3)(4)(5)(6)(78) (12)(3)(4)(5)(6)X(78)
(12)(3)(4)(5867) (12)(3)(4)(5867)
(12)(3)(4)(5768)
(1243)(58)(6)X(7) (1243)(58)(6)(7)
(1342)(58)(6)(7)
(1243)(5786) (1243)(5786)
(1)(2)(3)(4)(5786) (1)(2)(3)(4)(5786) (1)(2)(3)(4)(5786) (1)(2)(3)(4)(5786)
(12)(34)(5768) (12)(34)(5768)
(182)(4)(5)(6)(78) (132)(4)(5)(6)(78)
(123)(4)(5)(6)(78)
(132)(4)(5867) (132)(4)(5867)
(123)(4)(5768)
(12)(34)(58)(6)(7) (12)(34)(58)(6)(7)
(12)(34)(5)(68)(7)
(12)(3)(4)(587)(6) (12)(3)(4)(587)(6) (12)(3)(4)(587)(6)
(12)(3)(4)(578)(6) «
(12)(3)(4)(57)(68) (12)(3)(4)(57)(68)
(12)(3)(4)(58)(67)
(1243)(5)(678) (1243)(5)(678)
(1342)(567)(8)
(1243)(5)(6)(7)(8) (1243)(5)(6)(7)(8)
(1423)(56)(78) (1423)(56)(78)

@ Skeletal positions are indexed as in Figure 1.
symmetric environment,

In each column, double lines separate sets of reactions nondifferentiable in a totally
Single lines then divide these sets into subsets of reactions nondifferentiable in a chiral environment.
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P3

. P
/- 5‘!6 (N(2X3)(4)(56)(7)(a)
H

Figure 6.—Five permutational isomerization reactions of
molecules MH;P, differentiable in a totally symmetric environ-
ment. Skeletal positions dre indexed asin Figure 1.

generalized cyclic index of H is defined by

ZH; a1, Gz, .., Gny; by, by, L, byy) =
> mha. . @, MbiFb L byt (A)

heeH

In eq Al, the summation extends over all operations
hein H, the j's and k,'s indicate the generalized cyclic
type of each %, as defined above, and the a,'s and b,'s
are dummy variables. »

The concept of a generalized cyclic index was intro-
duced by Pélya,’® formalized by Robinson,” and ex-
tended further by de Bruijn.®® If H is the direct sum
of Hy; and H,, where H; acts on B; and H, acts on Bs,
Pélya’s'® reasoning demonstrates that eq A2 may
be used to calculate the generalized cyclic index of H
given the cyclicindices of H; and H,.

Z(H1 -+ Hg, a1, G, ..., Qp,; bl, bg, ceey bm) =
Z(Hl; ay, Qg, ..., a,”)-Z(Hz; b]_, bz,‘ ey bng) (A2)
B. Theorem I. Theorem.—Let the symmetric

permutation groups S,; and .S,, act on the disjoint sets
Bj and B, respectively, |Bi] = i, |By = ns. The

(16) G.Pélya, Acta Mathematica, 88, 145 (1937).

(17) R.W.Robinson, J. Combinatorial Theory, 4, 181 (1068),

(18) N. G. de Bruijn, Nieuw Archief Wiskunde, (2) 19, 89 (1971), -
(19) Reference 18, pp 174,177,
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group H=S,, + S,, acts on B, the union of B; and B,.
W is an arbitrary subgroup of H.

If Appeo gopits,--- ke, is the number of conjugacy
classes in H with respect to W of cyclic type (fi, Jjo

ey jnl; kl, kz, ey km) and
F(W; 1, Qg, ...y Ony; bl; b2) RS bm) =
E Ahh‘ s o Jagakiikzy 0 0 ¢ oKn, X
Judz. . dng; Ruke, .k
a111a212. . .amj"lblklbzkz. . ~bnzk"2

the summation extending over all generalized cyclic
typesfound in H, then

F(W: A, Qg o - -y Ay bl;bZ} B -;bm) =
i 1 dy
w3 { 11 d.ie 3 11 fmempal]—-
wieW i=1 (p) m=1

1 5 6 @angsmp 4 T 3 1T ettt
[u"‘%ﬂr)bm“/’]‘“} (A3)

where (dy, do, ..., dy,; €, €, ..., €,,) is the generalized
cyclic type of w,eW; II;.1™ is the product over only
those /, 1 < I < my, for which d; # 0; II,-1" is the
product over only those #, 1 < u < n3, for which e, % 0;
2 sums over the partitions (py, p2, ..., pa) of dy
and Z, sums over all the partitions (&, #s, ..., t.) of
€. Allother symbols were defined in EPIR-I.

Proof.—This proof is not presented in detail since
its course parallels the proof of theorem I in EPIR-I.

A permutation group =(W) acting on H is defined
as in EPIR-I. Burnside’s Lemma implies eq A4.

Ailh‘ s dngpkike e e kn, T

w3 ijjr'~jn1,kxkz'--kn2[7r(wi)] (A4)

wielW

Xgita- ++ gagikn- - - kay[T(w1) | is the number of %,eH of gen-
eralized cyclic type (ji, jo - .., Ju: F1, R o k)
which n(w,) leaves fixed. If (dy, ds, ..., dn; e, 6,

.., €y, is the generalized cyclic type of w; then
X.hjz'"jnl,klkz"'kn1[7r(w’l)] is the coefficient of alj‘ap,”. e
@ "1 %by* . | b, F* in the expression

f: 84[C1] + f Se.[C] Z(f: SalCi] +
=1 #=1 I=1

ne

E Seu[Cu]; ay, Az, . .

u=1

vy Ony) bl) b% ey bnz> (A5)

In eq A5 the summation Z;_,™ extends over only those
l, 1 <1 < m, for which d, # 0, and the summation
2, -1™ extends over only those %, 1 < u < n,, for which
e, # 0. Consequently

FW; ay aq, ..
W= >

wieW

) br,) =
l; Sdz[Cl] + gl‘seu[cu‘]

.y a,;l; b1, bg, ..

z(é SulC] +

ne
5 8..1C.); a1, az, ...y Gugy by, ey L

uw=1

" bm) (A6)

Using eq A2 given above and formulas presented in
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the proof of theorem I in EPIR-I, eq A3 cati be derived
from eq A6.
Asin EPIR-I, eq A7 is of interest.

FOW: 1,1, ...,1; 1,1, ..., 1) =

1mez<HmwXH%W>(M)
weW\I=1 =1

C. Theorem 1I. Theorem.—B,, By, H, B, and W
are defined as in theorem I. If Dy is the number of
equivalency classes (double cosets Wh,W) generated
in H when A, h;eH are considered equivalent if z;, =
wy - By wy for some wy, wyrelV, then

= W% (haas .
w

)2
dny 61020 ¢ €n,

< zfjl dﬂl‘”)(ﬁl e,,!u”“) (A8)

where 2’y sums over the generalized cyclic types (dy, da,
., day; €1, 6, ., en,) of operations in W and

DarL H. McDANIEL

hads- - dn, ei62- - - e, 1 the number of operationsin W of gen-
eralized cychc type (dy, d2, ool ey e, L, egy).
Proof.—This proof is not presented in detail since
its course parallels the proof of theorem II in EPIR-I.
The group WV acting on elements in H is defined as
in EPIR-I. Then Burnside’'s Lemma implies

= W= X

(wi,wx) WV

x (ws, Wwy) (A9)

where x(w;, w;) is the number of h;in H which satisfy
eq Al0
hy(wy) = wy (A10)

Arguments used in EPIR-I show that eq All will
hold if w; and w, are of the same cyclic type (di, ds,
oy dug; €1, €3 ..., €g). If w, and wy are not of the

x(W;, W) = <zII1 dﬂl"l)( II eu!ue“> (A11)
= u=1

same cyclic type, x(w;, wx) = 0. Equations A9 and
A1l are combined as iti EPIR-I to yield eq AS8.

A Restatement of Polya’s Theorem
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Polya’s theorem is restated in a manner which may lead to greater ease of isomer enumeration and aid in the formulation of

individual isomers. Several examples are treated.

A restatement of Polya’s theorem in terms of in-
variance to covering operations may lead to a greater
ease of isomer enumeration and aid in the formulation
of the structure of individual isomers. The restate-
ment? is as follows: the total number of (theoretically
possible) stereoisomers of a molecule will be the number
of distinguishable configurationis of the molecule in a
fixed coordinate system which are invariant under each
operation of the rotational group (including the identity

operation) divided by the total number of operations of
the rotational group of the parent geometry. If the
full covering group is used (¢.e., improper rotations are
included) the result is the number of geometric isomers.

The distinguishable configurations invariant under
the identity operation are simply the set of all dis-
tinguishable configurations, i.e., the number of permu-
tations of the ligands taken one at a time. The num-
ber of these depends only on the number of ligands of
each type to be added and may be calculated from

n!

Pt =
nalnpne!. ..

(1) Atthough this restatement is essentially contained in one of Polya's
original papers {Acta Mat. (Uppsala), 68, 145 (1937)} the implications and
simplifications have been overlooked in the recent literature concerned with
isomers. A partial summary in English of this paper of Polya appearsin'a
chapter by Uhlenbeck and Ford in ‘“‘Studies in Statistical Mechanics,”” Vol.
I, J' DeBoer and G. E. Uhlenbeck, Ed., Iuterscience, New York, N. Y.
(North-Holland Publishing Co., Amsterdam), 1962.

where 7 is the total number of ligands, #, is the number
of A groups, #;, the number of B groups, ete. If only
one ligand of each typeis present (Mg = np =N = ..

1) then Py" = n! and the total isomers possible W111 be
n!/h where } is the order of the rotational group. This
leads to the well-known (at least for the first few mem-
bers) results shown in Table I.

TABLE I
MaxiMuMm NUMBER OF STEREOISOMERS FOR A
GIVEN PARENT GEOMETRY?

Geometry and

rotational group No. of isomers

Coordin no.

4 Tetrahedron T 41/12 = 2
Sq plane D; 41/8 = 3
Sq pyr G 41/4 = 6
Boat D; 41/4 = 6
5 Trigonal bipyr Dj 51/6 = 20
Sq pyr G4 531/4 = 30
Pentagon C; 51/10 = 12
6 Octahedron O 6!/24 = 30
12 Icosahedrton [ 121/60 = 7,983,360

o Maximum achieved only when all ligands are different; planar
geometries yield optically inactive isomers, and others give n/2
enantiomorphic pairs.

In order for a configuration to be invariant under a
C, operation, any ligands which do not fall on the C,
axis must be in sets of # similar ligands. Groups falling
on the C, axis belong to ‘“‘sets of one.” Each C, opera-





